We explicitly reconstruct the metric of a gravity dual to field theories using known entanglement entropies using the Ryu-Takayanagi formula [1] . We use for examples CFT's in d = 1, 2 and 3 as well as CFT on a circle of length L and a thermal CFT at temperature β −1 . We also give the first several coefficients in the Taylor series of the metric for a general entanglement entropy in 1+1 dimensions as well as some examples (Appendix B). The beginnings of a dictionary between the dual theories appears naturally and does not need to be inserted by hand. For example, the dictionary entries c = 3R/2G N for 1+1 dimensional CFT and N 2 = πR 3 /2G N for N = 4 SYM in 3+1 dimensions are forced upon us. After uploading this paper I was made aware of [2] which solves the same problem in a similar way.
tigating this possibility [8] . Our paper makes an effort in this direction to explicitly show how the metric can be calculated from a known entanglement entropy. While the metric is only the tip of the iceberg for the gravity dual it is a reasonable place to start.
Our starting point for recovering the metric of a dual field theory is the Ryu-Takayanagi formula [1] S A = Area(γ A ) 4G N .
Where γ A is the minimal surface which corresponds to the region A on the conformal boundary, S A is the entanglement entropy between A and A and G N is the Newton's constant in the gravity theory. We start by making the following ansatz for the metric
Where R is a constant which in pure AdS corresponds to the radius. We will only consider the strip geometry, namely that x 1 = x can vary while all other x i are held fixed. Without loss of generality we can then restrict ourselves to the case where g(0) = 1 because any overall constant can be absorbed into R. As we will see requiring g(0) = 1 will allow us to generate the start of a dictionary between the field theory and its gravity dual. This ansatz is the most general time independent, translationally invariant metric, up to coordinate redefinitions. We next need to find the equations for the minimal surface from which we can determine the entanglement entropy.
Using the Euler-Lagrange equation we then obtain
where z * is maximum z which the minimal surface reaches in the bulk. We can then take this solution and obtain two coupled integral equations which must be solved in order to determine the metric. The equations read
length equation and the second the entropy equation. The integrand in the integral equation is positive; therefore z * is in one to one correspondence with and so in principle we can convert between the two as needed.
Comparing the two sides (field theory and AdS) will then give a relationship between the UV cutoffs and also a relationship between the field theory variables and R and G N .
Considering (6) for g 0 (z) = 1 we can get the relationship between the field theory and the gravity by looking at the first term in a Taylor series of S A .
After uploading this paper I was made aware of [2] which solves the same problem in a similar way.
II. 1+1 DIMENSIONS
Let us now consider the simplest case of d = 1. It is helpful to take the entropy equation (6) and differentiate with respect to z * which will remove the UV cutoff. In doing so we also remove terms which are independent of the length of the interval. However, such terms are usually non universal as they can be altered by a redefinition of the UV cutoff. Taking the derivative results in
where we have used g(0) = 1 as well as taking the limit → 0 . Rearranging yields
For general S A the coupled equations probably cannot be solved exactly. However, we can assume that g(z) is given by a Taylor series in z and solve for the elements by requiring that g satisfies both equations simultaneously. In doing so there is a possibility that solutions which are non-analytic functions at z = 0 are overlooked. We use equation (5) to determine in terms of z * . We can then solve equation (6) for g(z) and then require that the test g we used to calculate is the same as this solution.
To invert this equation we will use the following identity
First we multiply both sides of (8) by 2z * / z 2 * − x 2 and integrate from 0 to y with respect to x. This yields, after switching the order of integration on the double integral,
Using equation (9) and the fundamental theorem of calculus yields
Observe that this implies that if S A is an odd function of then g(y) is an even function of y. The next 3 examples have S A odd so the resulting g must be even which slightly shortens our calculations. The three examples we will consider are a CFT, a finite temperature CFT and a CFT on a circle of length L. These three have well known holographic dual metrics and are therefore good choices to test the system developed here. In appendix B some other examples are worked out exactly. One is a candidate for a field theory with RG flow and the other are simple examples which can be solved exactly.
A. Conformal Field Theory
The simplest case to consider is that of a CFT. For a single interval the result is known and takes the form [9] 
We are interested in showing that g(z) = 1 is the unique solution to the above equations (at least among analytic functions). Using the fact that ∂ S A is odd we first take the following Taylor expansion of g(z)
1 When using a Taylor series for g there is actually no need to invert the equations. Rather you can calculate the Taylor series on both sides and match coefficients. However, this inversion allows one to carry out an iterative procedure which may be useful for numerically solving these equations (see figure 1 )
We can now plug g 0 (z) into the length equation to obtain
Next we plug this result into (11)
We can then perform a Taylor expansion of 1/ to obtain
We now require that the g(z) we calculated is equal to g 0 (z), i.e. we are at a"fixed point".
First we recover the well known result that 2G N c/3R = 1 [10] . Looking at (16) further we observe that a n always first appears at order z n in the form na n /(n + 1). We can therefore prove by induction that a n = 0 for all n. 
B. Finite Temperature
We have shown for the simplest case that this method of calculating the metric works, but what about for more complicated situations? We can repeat the above process for a finite temperature, β −1 , conformal field theory. We recall that the entanglement entropy is given by [11] S A = c 3 log
The approach taken in the section on conformal field theories (at zero temperature) results in extremely messy equations. However, as noted above that a n first appears at order z n is a general feature (consider a Taylor expansion of S A ) and so we can determine a 2 first then 2 It is clear from (16) that a 2 = 0. If we then assume that a n = 0 for all n < m then the Taylor expansion of g(z)= 1+ ma m z m /(m + 1)+... This then implies that a m = 0, so, by induction a n = 0 for all n. a 3 and so on. To do this consider the following g. (I have set β = π to make the equations simpler. The β dependence can be recovered by the transformation z → zπ/β.)
Then plugging (19) into the length equations (5) produces
We can then expand (18) in a Taylor series in z and plug that into (11) to get
Requiring that g is fixed under iteration then gives a 2 = 2. 4 We now obtain a 4 by using
Repeating the above process yields
So a 4 = 6. Repeating this yields the following a 2n+1 = 0, a 4 = 6, a 6 = 20, a 8 = 70. One can recognize these numbers as the first few coefficients in the Taylor expansion of
Plugging (24) into our ansatz for the metric (2) yields the black brane metric for the BTZ black hole as is expected [12] . The coordinate transformation is given by z = R/r and x → φ. Note the dt portion of the metric has been left out. Which results in
3 As with the conformal field theory case to get g(0) =1, we require c = 3R/2G N . 4 One can also solve the resulting recurrence relation to see that a 2,∞ = 2.
The entanglement entropy for a zero temperature CFT on a circle is given by [13] 
Repeating the above approach we can calculate the first several terms in the Taylor expansion to obtain a 2n+1 = 0,
We can recognize these as the coefficients of the Taylor expansion of
Plugging (24) into our ansatz for the metric (2) yields
From this metric it is not obvious how it is related to a spatial circle. However via the coordinate transformation ω = z/ 1 + (2πz/L) 2 we can cast this metric in a more familiar form, of the AdS soliton [14] ,
D. General EE One could repeat this process for a general Taylor expansion of the entanglement entropy.
From doing so, for ∂ S A = α/ + ∞ n=0 b n n , the following results come out:
1. Any terms more divergent than −1 result in a divergent integral (11) and are therefore excluded. The 1/ term also sets the relationship between the field theory content and the gravity to be 2G N α/R = 1. If there is no such divergent term (1/ ) in the → 0 limit, the holographic geometry is not asymptotically AdS.
For g(z) = 1+
∞ n=1 a n z n the coefficients are presented in the following table n a n
Observe that if ∂ S A is an odd function of then g is an even function as mentioned previously.
E. Recursion
While the above approach finds the metric when the functional form of the entanglement entropy is known, one might wish to find metrics for cases where the EE is generated numerically. One approach is to put in a test function for g(z) and see if iterating the above procedure-plug in the g(z) recovered from (11) back in as the new g(z)-will eventually converge to the solution.
We first consider the pure CFT by solving the recursion relations that result from (16) .
Let a n,m be the m th iteration of a n so g m (z) = 1 + ∞ n=1 a n,m z n .
Then
The solution is easy to find as
So in the lim n→∞ a 2,n = 0 and the convergence is exponential. The next relation is for a 4 .
Which has the relation In both cases g 2 , g 6 , g 10 , g 14 and g 18 are plotted, where those closer to the solution correspond to high iterations. As expected the convergence is faster for a better test function.
The solution is given by
Which also converges exponentially to zero as m → ∞. This exponential convergence is true generically for the convergence for all coefficients (See Appendix A). The convergence, however, is slower for higher order terms and goes as (n/n + 1) m .
We can repeat this process for the thermal CFT. As seen in the conformal field theory for a general test function g 0 converges to this answer under iteration (see Appendix A). The convergence of two difference test functions was done numerically and is shown in Figure 1 .
In fact for any test function and any ∂ S A which is a analytic function of this iterative process converges to the unique, analytic solution (Appendix A). 
III. TIME COMPONENT OF METRIC
For the above calculations we took a constant time slice of the metric and performed the calculation. We would like to be able to reconstruct the time component of the metric.
Perhaps using some additional knowledge about the field theory and the how it is calculated in the dual theory one could reconstruct the time component. However, in the three explicit cases discussed the time component can be reproduced by assuming that the metric is diagonal and satisfies the vacuum Einstein Equation with cosmological constant -1/R 2 .
A. Conformal Field Theory
Above we calculated that for a constant time slice the spatial metric was
We make the following ansatz for the metric
One can then calculate the Ricci tensor and scalar curvature and plug them into the Einstein equation for vacuum. This results in the following two equations
It is easy to see that these equations are redundant and admit the solution f (z) = c for some constant c. This is the Poincaré patch of AdS 3 .
B. Thermal CFT
Above we calculated that for a constant time slice the spatial metric for a thermal CFT was
Requiring that the vacuum Einstein equation is satisfied gives the two following equations
As before these equations are redundant. They admit the solution
Via the coordinate redefinition z = R/r gives the BTZ black hole [12] .
C. Spatial Circle
Above we calculated that for a constant time slice the spatial metric for a spatial circle was
For the spatial circle we obtain the two following equations
As noted earlier this particular form of the metric is not particularly illuminating. However, using the coordinate transformation ω = z/ 1 + 4π 2 z 2 /L 2 one obtains the AdS soliton [14] in 2+1 dimensions,
IV. HIGHER DIMENSIONS
For more than 2 dimensions the equations become slightly messier. The area law predicts that (6) diverges faster in the → 0 limit and so more derivatives are required to make the integral converge. For these higher dimensional cases there are fewer known examples to test our procedure on so we will consider only zero temperature CFT's.
A. d=2 CFT
For this case the entanglement entropy should take the form based upon the area law [9]
where L is the length of the surface in the x 1 direction and for some constants c 1 and c 2 .
We notice that as with the 1+1 dimensional case an derivative kills the dependence on the cutoff. So rearranging (6) yields
This equation has parts dependent on the cutoff and independent of the cutoff. We therefore choose the parts dependent on the cutoff and the not depending on the cutoff must be equal separately. To make sure that the epsilon dependent parts cancel we get a relationship between the UV cutoff's of the two series. To get a relationship between the field theory and gravity we need to compute (6) for g 0 (z) = 1. The result is
We would now like to invert this integral equation as we did before. For this we will need the following generalization of (9) for all α = 0. 
Using (54) leads to
One could complete the inversion process by taking a derivative with respect to y, multiplying by y, and then integrating. 5 However, because we are going use a Taylor series we can now just plug in a Taylor expansion ansatz for g and compare the results on both sides. We use the ansatz
Now using (53) for the n th term in the Taylor series, comparing the left and right hand sides gives (after using the solution for lower order coefficients, i.e. by induction on n) n n − 1 a n = n n + 1 a n
This means than a n = 0 for all n ≥ 2 and a 1 = 0 because S A is an odd function. Therefore
For higher dimensions one needs to take more derivatives with respect to z * as we did in (51) to make the integral convergent in the limit → 0. To this end we obtain
For N = 4 SYM we again use the result obtained in [1]
The relationship between the field theory and gravity is given by
Solving these gives us the well known relationship for AdS/CFT and says that the gravity UV cutoff is the same as the CFT cutoff.
We can now use the now familiar Taylor expansion for g(z) in (58) and equating the two sides and using the dictionary we found above, (60) and (61), to obtain a 2 = 0 (62)
So g(z)=1 is the unique solution. It seems reasonable to assume that for any d the condition will be a n = (n + 1 − d)/(n + 1)a n .
V. CONCLUSION
We have seen that for all analytic forms of the entanglement entropy a unique analytic metric can be found which reproduces the entanglement entropy via the Ryu-Takayanagi formula. One consequence of this is that in the strict gravity limit there is no new information in calculating two interval entanglement entropies. This is of course not true in general; for example in a 2d CFT the answer is known to depend on all the operator content of the theory.
One could also look at numerical solutions to the system of integral equations particularly in looking for metrics which would match field theories for which the holographic dual is not known, for example SU(N ) gauge theories.
Future investigations along this line could include looking at different expansions of ∂ S A including log terms to ∂ S A which would need to be compensated by log terms in g(z). If there are no log terms in ∂ S A , there are no log terms in g(z). Other expansions may include a large length rather than small length expansion. There might also be other ansätze for the metric which would be better suited for looking at such alternate expansions. There is a proposal for a time dependent formulation of holographic entanglement entropy [15] .
One could then investigate how to generalize the method presented in this paper to that proposal.
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VII. APPENDIX A
We would like to prove for the d = 1 case that for any ∂ S A which has a Taylor series expansion, that the iterative process converges exponentially to the correct solution for any initial test function. By exponential convergence I mean that each element in the Taylor expansion converges exponentially fast. As indicated in the text the proof is by induction so let us first consider the order z term in the Taylor series. We plug the following ansatz into (5)
We then use (11) to obtain
It is easy to see then that a 1,m converges exponentially to 8b 0 /π. Assume that a n,m converges exponentially for all n < N − 1. Then the recursion relationship for a N,m is given by
where h(m) is a polynomial of (a n,m − a n,∞ ) for n < N and γ is some constant depending on the a n,∞ . The solution for (67) is given by
Using the induction hypothesis h(k) converges exponentially to 0 as m → ∞ so a N,m converges exponentially to (N + 1)γ. So by induction g n (z) converges exponentially to the solution for all test functions.
VIII. APPENDIX B
Here I would like to present some other candidate entanglement entropies for which we can determine the metric explicitly. In each caseS A = αS A and 2G N α/R = 1. Note that in all cases the metric is not compatible with a vacuum gravity geometry and so it is not obvious how to reconstruct the time component. Recall that the metric is given by
In all cases we us the ansatz g(z) = 1 + ∞ n=1 a n z n .
Consider a candidate entanglement entropy for a domain wall/RG flow.
This EE interpolates between two different radii similar to [16] equation (23), in this case
Computing the first several Taylor coefficients and taking their ratio reveals that 
result is then g(z) = 1 + 2 π arctan(4z/b).
If we consider the case where
We can look at the table presented for general entropy and observe that a n = 2 n+1 Γ((3 + n)/2) √ πΓ(1 + n/2) b n .
The sum coming from (75) can be done analytically and yields
Next we can consider the case
We first note that this function is odd so g(z) is even. We can look at the table and observe that a 2n = 2 4n+1 Γ(n + 1/2)Γ(3/2 + n) πn!(n + 1)! b n .
The sum coming from (78) can be done and results in g(z) = 2 F 1 (1/2, 3/2; 2, 16bz 2 ).
Where 2 F 1 is the hypergeometric function.
Another case to consider is
One can compute the first few Taylor coefficients and notice that a 2 = 1 and a 2n /a 2(n+1) = n + 1 b(2n + 1)
